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Abstract
This study aims to analyze the data on multiplicity distributions and Bose–Einstein correlations (BEC)
collected at the LHC by the ATLAS and CMS Collaborations using a double-generalized Glauber–Lachs
formula (D-GGL) and double-negative binomial distribution (D-NBD). From this investigation, it can be
inferred that the D-GGL formula performs as effectively as the D-NBD. Moreover, our results show that the
parameters estimated in multiplicity distributions (MD) (P (n)) are related to those contained in the BEC
formula.
1 Introduction
Recently various kinds of data on multiplicity distributions (MD (P (n))) with pseudorapidity intervals (|η| < ηc)
at LHC energies have been reported [1, 2, 3, 4]. The double-negative binomial distribution (D-NBD) formula
has been utilized to analyze these data [5, 6]. The D-NBD formula was originally proposed in [7] to explain the
violation of KNO scaling [8] at
√
s = 900 GeV observed by the UA5 collaboration [9]. The D-NBD is expressed
as follows:
P (n, 〈n〉) = αPNBD1(n, kN1 , 〈n1〉) + (1− α)PNBD2 (n, kN2 , 〈n2〉), (1)
where α is the weight factor for the first NBD [10, 11, 12, 13]. The notations, k1 and k2, represent intrinsic
parameters contained in the NBDs, and 〈n1〉 and 〈n2〉 are the averaged multiplicities. The NBD is given by the
following equation:
PNBD(n, kN, 〈n〉) = Γ(n+ kN)
Γ(n+ 1)Γ(kN)
(〈n〉/kN)n
(1 + 〈n〉/kN)n+kN , (2)
On the other hand, in [14] we analyzed various data with |η| ≤ ηc on MD (P (n)) in terms of the NBD and
generalized Glauber–Lachs (GGL) formula [15, 16]. In that work, we found that the role of the GGL formula
is compatible with that of the NBD. The GGL formula is given as follows,
PGGL(n, kG, p, 〈n〉) = (p〈n〉/kG)
n
(1 + p〈n〉/kG)n+kG exp
[
− γp〈n〉
1 + p〈n〉/kG
]
L(kG−1)n
(
− γkG
1 + p〈n〉/kG
)
, (3)
where p = 1/(1 + γ) with the ratio of γ = 〈ncoherent〉/〈nchaotic〉. It should be noted that the average coherent
and chaotic multiplicities are contained in Eq. (3). Here, kG is also an intrinsic parameter of the GGL formula.
The analyses in [14] suggested that a finite γ indicates that the coherent component seems to be necessary in
data with |η| < ηc. We remark that Eq. (3) has the following stochastic property.
Eq. (3)


kG=1−−−−−−−−→ original GL p→1−−−−−−−−→ Furry dis.
kG=kN, p→1−−−−−−−−→ NBD of Eq. (2)
↓ kN →∞
p→0−−−−−−−−→ Poisson distribution
(4)
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In the appendix A, the stochastic background of Eqs. (2) and (3) is presented.
Thus, in this paper, we propose the following double-GGL formula (D-GGL) to analyze data on charged
MD (P (n)) at LHC energies:
P (n, 〈n〉) = αPGGL1 (n, kG = 2, p1, 〈n1〉) + (1− α)PGGL2 (n, kG = 2, p2, 〈n2〉), (5)
where pi, 〈ni〉 (i = 1, 2) are introduced to distinguish the parameters contained in D-GGL formula. It should
be noted that kG = 2 reflects the degree of freedom for the (+−) charged particle ensembles.
(a) (b)
Figure 1: (a) The stochastic properties of the generalized Glauber–Lachs formula are shown in the κ-p plane.
At the point (2.0, 1.0), the perfect Bose–Einstein statistics for the same charged particles ensemble holds. At
the point (1.0, 1.0), the Bose–Einstein statistics for the (+−) charged particle ensemble holds. (b) The charged
particle ensemble is decomposed into the positive (+) and negative (−) ensembles. Here γ = 〈ncoherent〉/〈nchaotic〉
can be assumed to reflect the contamination (K, p / pi’s), and the degree of superposition of the phase spaces
of particles.
As a next step, we would like to consider the Bose–Einstein correlations (BECs). The BEC for positive
charged particles [17] is given as follows:
N
(2+)
GL /N
BG =
{
1 +
1
k
(+)
GL
[2p(+)(1− p(+))E1/2BE + (p(+))2EBE]
}
, (6)
where the left-hand side represents the normalized number of pairs of positive charged particles, and EBE is the
exchange function between them,
EBE =
{
exp(−RQ),
exp(−(RQ)2),
(7)
where Q =
√
−(p1 − p2)2, and R denotes the interaction range between two particles. Hereafter, for the concrete
analysis of the BEC we employ the exponential form, because values of χ2’s for the Gaussian formula are larger
than those of the exponential formula.
As seen in Fig. 1, k
(+)
GL = k
(−)
GL = 1 and p = p
(+) = p(−) are utilized. For the D-GGL formula, we can calculate
the following formula for the BEC with weight factor α, provided that MD (PGGL1 (n)) and (PGGL2 (n)) are
independent ensembles,
N
(2+: 2−)
D−GGL /N
BG =
{
1 + α[2p1(1− p1)E1/2BE1 + p21EBE1 ] + (1 − α)[2p2(1− p2)E
1/2
BE2
+ p22EBE2 ]
}
. (8)
In Eq. (8), since p1 = p2 = 1.0 and using the replacements k
(+)
N1
= k
(−)
N1
= 2/kN1 and k
(+)
N2
= k
(−)
N2
= 2/kN2 , we
obtain the following BEC for the D-NBD:
N
(2+: 2−)
D−NBD /N
BG = {1 + α(2/kN1)EBE1 + (1 − α)(2/kN2)EBE2} . (9)
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In the appendix B, Eq. (9) is derived from a stochastic approach. In Eq. (9), when EBE1 and EBE2 are the
same functions, we obtain the conventional formula (CF)
N
(2+: 2−)
CF /N
BG = {1 + λeffEBE} . (10)
provided that the coefficient of λeff = 2[α/kN1 + (1 − α)/kN2 ] is assumed to be a free parameter.
By employing Eqs. (1)∼(5) for the MD (P (n)), it can be expected that we can analyze the data on MD
(P (n)) and the BEC concurrently.
The present paper is organized as follows. In sect. 2, data on the MD (P (n)) at the LHC collected by
the ATLAS collaboration are treated. In sect. 3, data on the BEC collected by the ATLAS collaboration are
performed. In the fourth section, data on the MD (P (n)) and the BEC by the CMS collaboration are analyzed.
In the final section, concluding remarks and discussions are presented. In the Appendix A, the stochastic
background of the NBD and the GGL formula is shown. In the Appendix B, the derivation of the BEC in the
two-component model is presented.
2 Analyses of MD at
√
s =0.9, 7, 8, and 13 TeV by ATLAS data
By employing Eqs. (1) and (5), we can analyze data on MD collected by the ATLAS collaboration [1] at LHC
energies. Our results are presented in Figs. 2 and 3 and Table 1.
Table 1: Analyses of MD (P (n)) collected by the ATLAS collaboration (pt > 100 MeV, |η| < 2.5, nch ≥ 2)
using Eqs. (1) and (5).
MD (P (n) Eq. (1) D-NBD√
s [TeV] α k1 〈n1〉 k2 〈n2〉 χ2/n.d.f.
0.9 0.23±0.03 7.52±0.77 32.9±1.3 2.70±0.12 12.6±0.4 70.2/46
7.0 0.60±0.02 2.61±0.10 39.4±0.6 2.72±0.09 11.0±0.1 129/80
8.0 0.57±0.02 2.70±0.12 42.7±0.8 2.58±0.10 11.9±0.2 119/80
13 0.66±0.00 2.00±0.02 44.2±0.2 2.46±0.06 10.9±0.1 263/81
Eq. (5) D-GGL√
s [TeV] α p1 〈n1〉 p2 〈n2〉 χ2/n.d.f.
0.9 0.41±0.05 0.25±0.04 27.0±1.4 0.39±0.02 10.6±0.4 60.3/46
7.0 0.67±0.01 0.68±0.03 36.7±0.3 0.42±0.02 10.4±0.1 114/80
8.0 0.65±0.01 0.66±0.03 39.5±0.4 0.45±0.03 11.1±0.2 111/80
13 0.66±0.00 0.90±0.06 44.1±0.2 0.60±0.03 10.7±0.1 280/81
3 Analysis of Bose–Einstein correlation at
√
s = 0.9 and 7.0 TeV for
ATLAS data
By employing Eqs. (8) and (9), we can analyze data on the Bose–Einstein correlation at
√
s = 0.9 and 7.0
TeV [18, 19]. Our results are presented in Figs. 4 and 5 and Table 2. Here, R denotes the magnitude of the
interaction region in the exponential formula.
Combining the results from Tables 1 and 2, we can choose favorable frameworks that govern the multiplicity
distribution P (n) and Bose–Einstein correlations at
√
s =0.9 and 7 TeV for the ATLAS collaboration data. For
the BEC with the constraints of multiplicity, by taking into account the averaged probabilities over the interval
(∆n) and calculating new weight factors (denoted as α˜) we can analyze data on the BEC with multiplicity
intervals.
4 Analyses of MD and the BEC at
√
s = 0.9, and 7 TeV for CMS
data
In this section, we present our analyses of MD for data collected by the CMS collaboration [4], using Eqs. (1)
and (5), and the BEC [20] using Eqs. (8) and (9). In our analysis of the data on MD (P (n)), as in the ATLAS
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Figure 2: Analyses of ATLAS data (pt > 100 MeV, |η| < 2.5, nch ≥ 2) using Eq. (1).
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Figure 3: Analyses of ATLAS data (pt > 100 MeV, |η| < 2.5, nch ≥ 2) using Eq. (5).
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Figure 4: Analyses of ATLAS data on the BEC (pt > 100 MeV, |η| < 2.5, nch ≥ 2) using Eq. (9) with
EBE = exp(−RQ).
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Figure 5: Analyses of ATLAS data on the BEC (pt > 100 MeV, |η| < 2.5, nch ≥ 2) using Eq. (8) with
EBE = exp(−RQ).
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Table 2: Analyses of Bose–Einstein correlation (BEC) collected by the ATLAS collaboration (pt > 100 MeV,
|η| < 2.5, nch ≥ 2) using Eqs. (9), (8), and (10). Here, α˜ is a new weight factor for data with the interval (∆n).
Physical quantities, denoted with bars (α¯, k¯1, k¯2, p¯1, and p¯2) are taken from Table 1. The formulas of BEC
contain the long range correlation as (1 + εQ).
BEC Eq. (9) D-NBD√
s [TeV] n α¯, α˜ k¯1 k¯2 R1 [fm] R2 [fm] ε (×10−3) χ2/n.d.f.
0.9
n ≥ 2 0.23 7.52 2.70 1.7±0.4 1.7±0.1 1.5±1.8 98.6/75
36 ≤ n ≤ 45 0.81 7.52 2.70 1.5±0.2 1.5±0.3 −2.1±4.1 55.8/75
n ≥ 2 0.60 2.61 2.72 1.8±0.01 3.1±0.1 −7.1±0.2 743/75
7.0 68 ≤ n ≤ 79 1.00 2.61 — 2.4±0.0 — −8.1±0.1 138/76
n ≥ 150 1.00 2.61 — 3.0±0.0 — −12.5±0.2 161/76
Eq. (8) D-GGL√
s [TeV] n α¯, α˜ p¯1 p¯2 R1 [fm] R2 [fm] ε (×10−3) χ2/n.d.f.
0.9
n ≥ 2 0.41 0.25 0.39 2.8±0.2 2.7±0.1 3.5±1.9 148/75
36 ≤ n ≤ 45 0.965 0.25 0.39 3.1±0.2 2.9±2.0 −1.9±4.1 47.2/75
n ≥ 2 0.67 0.68 0.42 3.6±0.1 3.2±0.1 −6.7±0.3 629/75
7.0 68 ≤ n ≤ 79 1.00 0.68 — 3.8±0.0 — −6.8±0.1 104/76
n ≥ 150 1.00 0.68 — 4.9±0.1 — −11.5±0.2 132/76
BEC Eq. (10) conventional formula√
s [TeV] n λeff R ε (×10−3) χ2/n.d.f.
0.9
n ≥ 2 0.74±0.03 1.8±0.1 −0.19±1.86 86.0/75
36 ≤ n ≤ 45 0.75±0.12 2.3±0.2 −5.8±3.9 33.9/75
n ≥ 2 0.72±0.01 2.1±0.0 −8.3±0.2 919/75
7.0 68 ≤ n ≤ 79 0.72±0.02 2.3±0.0 −7.6±0.6 133/75
n ≥ 150 0.53±0.03 2.4±0.1 −10.2±0.9 125/75
case, P (0) and P (1) are disregarded, because the estimated parameters are used in the analysis of the data on
the BEC. We have adopted a renormalization scheme in our calculations. Our results are presented in Figs. 6
and 7 and Tables 3 and 4.
Table 3: Analyses of MD (P (n)) collected by the CMS collaboration (pt > 0 GeV, |η| < 2.4, nch ≥ 2) using
Eqs. (1) and (5).
MD (P (n)) Eq. (1) D-NBD√
s [TeV] α k1 〈n1〉 k2 〈n2〉 χ2/n.d.f.
0.9 0.40±0.15 5.72±1.68 29.6±3.8 3.52±0.68 12.1±1.8 4.55/61
7.0 0.58±0.06 2.94±0.34 44.6±2.5 2.94±0.43 14.7±1.0 13.0/120
Eq. (5) D-GGL√
s [TeV] α p1 〈n1〉 p2 〈n2〉 χ2/n.d.f.
0.9 0.57±0.12 0.31±0.08 25.3±2.4 0.29±0.07 10.6±0.9 3.95/61
7.0 0.69±0.04 0.61±0.07 40.2±1.2 0.35±0.08 13.6±0.7 12.9/120
5 Concluding remarks and discussion
C1) As seen in Fig. 8, the α values are almost constant at
√
s ≥ 7.0 – 8.0 TeV. On the other hand, fluctuations
are observed for the α values at
√
s ≥ 0.9 TeV. This behavior represents the beginning of the violation of KNO
scaling, because z1 = n/〈n1〉 = n/(a1〈n〉) = z/a1 (a1 = 〈n1〉/〈n〉) and z2 = n/〈n2〉 = z/a2 (a2 = 〈n2〉/〈n〉) in
the KNO scaling function in Eq. (1).
ψ(z) = lim
n, 〈n〉→∞
〈n〉 {αPNBD1 (n, kN1 , 〈n1〉) + (1− α)PNBD1 (n, kN2 , 〈n2〉)}
= α
kk11
Γ(k1)
(
z
a1
)k1−1
e
−k1
z
a1 + (1− α) k
k2
2
Γ(k2)
(
z
a2
)k2−1
e
−k2
z
a2 (11)
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Figure 6: Analyses of CMS data (pt > 0 GeV, |η| < 2.4, nch ≥ 2) using Eqs. (1) and (5).
Table 4: Analyses of the Bose–Einstein correlation (BEC) for CMS collaboration data (pt > 0 GeV, |η| < 2.4)
using Eqs. (9), (8), and (10). The formulas of BEC contain the long range correlation as (1 + εQ).
BEC Eq. (9) D-NBD√
s [TeV] α¯ k¯1 k¯2 R1 [fm] R2 [fm] ε (×10−2) χ2/n.d.f.
0.9 0.40 5.72 3.52 1.3±0.1 1.3±0.0 3.1±0.1 681/194
7.0 0.58 2.94 2.94 1.6±0.0 3.2±0.1 2.4±0.0 691/194
Eq. (8) D-GGL√
s [TeV] α¯ p¯1 p¯2 R1 [fm] R2 [fm] ε (×10−2) χ2/n.d.f.
0.9 0.57 0.31 0.29 2.5±0.1 2.5±0.1 3.1±0.1 668/194
7.0 0.69 0.62 0.35 3.9±0.1 2.7±0.1 2.4±0.1 683/194
BEC Eq. (10) conventional formula√
s [TeV] λeff R ε (×10−2) χ2/n.d.f.
0.9 0.62±0.01 1.56±0.02 2.8±0.1 487/194
7.0 0.62±0.01 1.9±0.0 2.2±0.0 738/194
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Figure 7: Analyses of CMS data (pt > 0 GeV, |η| < 2.4, nch ≥ 2) using Eqs. (9) and (8).
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Because ψ(z) contains α, k1, k2, a1, and a2, the violation of KNO scaling is obvious.
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Figure 8: The energy dependence of the α parameters in Eqs. (1) and (5).
C2) It can be inferred from the analyses of the data on MD (P (n)) and the BEC that the D-GGL formula
performs as effectively as the D-NBD. See Tables 1∼4. This can also be seen from a somewhat different point
of view. Rewriting κ = 2/kN in the NBD as in Fig. 1, we are able to compare it with p in the GGL formula as
κ = 1/[1 + (kN − 2)/2]⇐⇒ p = 1/(1 + γ). (12)
Our calculations are depicted in Table 5. The corresponding relation (12) appears to be satisfied provided that
〈n1〉 ≫ 1. We can say that the NBD and the GGL formula are complementary to each other.
Table 5: Comparison of κi = 2/kNi from D-NBD with pi from the D-GGL formula.
MD (P (n)) by ATLAS collaboration√
s [TeV] κ1 = 2/kN1 p1 κ2 = 2/kN2 p2
0.9 0.27±0.03 0.25±0.04 0.74±0.02 0.39±0.02
7.0 0.77±0.03 0.68±0.03 0.74±0.02 0.42±0.02
8.0 0.74±0.03 0.66±0.03 0.78±0.03 0.45±0.03
13 1.00±0.01 0.90±0.06 0.81±0.02 0.60±0.03
MD (P (n)) by CMS collaboration√
s [TeV] κ1 p1 κ2 p2
0.9 0.35±0.10 0.31±0.08 0.57±0.11 0.29±0.07
7.0 0.68±0.08 0.61±0.07 0.68±0.10 0.35±0.08
C3) In our analyses of BEC, we have employed parameters estimated in the analyses of MD (P (n)). Our
values obtained for the χ2’s in Tables 2 and 4 show that the adopted procedure indeed seems to be valid. Our
results on BEC are summarized in Table 6 . Based on values of χ2’s at 0.9 TeV, eq. (10) (CF) seems to be
suitable at 0.9 TeV. However, concerning χ2’s at 7 TeV the situation is reversed. Eq. (8) based on D-GGL seems
to be a fairly good description. Of course, in the future, we will have to elucidate those origins of phenomena
at LHC.
C4) The ATLAS collaboration has stressed that the interaction ranges estimated in their analyses of the data
on the BEC demonstrate the saturation of the interaction ranges (R’s) as the multiplicity increases when the
conventional formula is utilized. However, our results on the BEC for the ATLAS collaboration data have shown
a different description, i.e., the interaction range increases as the multiplicity increases. See, Fig. 9.
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Table 6: Summary of Tables 2 and 4.
ATLAS BEC: χ2/n.d.f.(75)
formula
√
s = 0.9 TeV
√
s = 7.0 TeV
CF Eq. (10) 86 919
D-NBD Eq. (9) 99 743
D-GGL Eq. (8) 148 629
CMS BEC: χ2/n.d.f.(194)
formula
√
s = 0.9 TeV
√
s = 7.0 TeV
CF Eq. (10) 487 738
D-NBD Eq. (9) 681 691
D-GGL Eq. (8) 668 683
1
2
3
4
5
0 40 80 120 160
R 
an
d 
R 1
 
[fm
]
nch
ATLAS √s= 7.0 TeV, BEC
nch≥2
D-GGL
D-NBD
conventional
Figure 9: The multiplicity (nch) dependences of R and R1 in Eqs. (8), (9), and (10) for the BEC.
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D1) Our two-component model is necessary to introduce two corresponding sources or two kinds of collision
mechanism [21, 22]. The following correspondences may be inferred, because 〈n1〉 > 〈n2〉:

P1 ⇐⇒ Non-diffractive (ND) process,
P2 ⇐⇒


single diffractive (SD) process,
double diffractive (DD) process.
(13)
The weight factor α in Eqs. (1) and (5) can be interpreted by means of various cross sections, σND, σ2SD, σDD,
and σinel = σND + σ2SD + σDD, as {
α ⇐⇒ σND/σinel,
(1− α)⇐⇒ (σ2SD + σDD)/σinel.
(14)
In other words, α means the occurrence rate in two kinds of collisions [23, 24].
The total average multiplicity in Eqs. (1) and (5) is defined as
〈n〉 = α
∑
n
P1(n, 〈n1〉)n+ (1− α)
∑
n
P2(n, 〈n2〉)n = α〈n1〉+ (1− α)〈n2〉 (15)
Various kinds of average multiplicities 〈n1〉, 〈n2〉, α〈n1〉, (1− α)〈n2〉 are shown in Fig. 10(a) and (b).
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D-NBD: 〈n2〉
D-GGL: 〈n1〉
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α
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D-NBD: (1−α)〈n2〉
D-GGL: α〈n1〉
D-GGL: (1−α)〈n2〉
(a) (b)
Figure 10: (a) The energy dependences of the parameters 〈n1〉 and 〈n2〉, (b) α〈n1〉 and (1− α)〈n2〉 in Eqs. (1)
and (5).
D2) In the fourth section, to investigate BEC by CMS collaboration, we have analyzed data excluding P (0)
and P (1) as ATLAS collaboration did. We show our results of analysis of data including P (0) and P (1) using
Eqs. (1) and (5) in Fig. 11 and Table 7. As compared values of χ2s at 0.9 TeV in Table 7 and that in Table 3,
the formers are larger than the latters. However, those at 7.0 TeV are almost the same. In Ref. [25], the value
of χ2/n.d.f. = 0.84 (color reconnection approach in the Monte Carlo study) for the analysis of MD (P (n)) at
7.0 TeV is mentioned. Ours in Table 7 are compatible with that above.
D3) Concerning the triple-NBD formula (T-NBD) proposed in [13], it is worthwhile to mention the following:
1) Comparing χ2’s by T-NBD with those by D-NBD, the formers are very much smaller than the latter. In
other words, the T-NBD seems to be an excellent description.
2) By making use of estimated values [αi and ki (i = 1, 2, 3)] in [13], the effective degrees of coherence are
13
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Figure 11: Analyses of CMS data (pt > 0 GeV, |η| < 2.4, nch ≥ 0) using Eqs. (1) and (5).
Table 7: Analyses of MD (P (n)) collected by the CMS collaboration (pt > 0 GeV, |η| < 2.4, nch ≥ 0) using
Eqs. (1) and (5).
MD (P (n)) Eq. (1) D-NBD√
s [TeV] α k1 〈n1〉 k2 〈n2〉 χ2/n.d.f.
0.9 0.17±0.12 8.08±2.60 35.1±4.0 2.35±0.30 14.6±2.1 13.9/63
7.0 0.47±0.08 3.36±0.51 47.8±3.6 2.22±0.23 15.4±1.6 13.7/122
Eq. (5) D-GGL√
s [TeV] α p1 〈n1〉 p2 〈n2〉 χ2/n.d.f.
0.9 0.40±0.16 0.24±0.09 28.1±4.1 0.45±0.08 11.5±1.8 12.9/63
7.0 0.60±0.06 0.54±0.08 41.9±2.2 0.58±0.13 13.7±1.2 13.4/122
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computed as,
λeff = α1
2
k1
+ α2
2
k2
+ α3
2
k3
= 0.824
2
1.66
+ 0.107
2
6.6
+O(0) = 1.03 at 7.0 TeV (CMS Coll.),
λeff = 0.737
2
1.50
+ 0.183
2
5.7
+O(0) = 1.05 at 7.0 TeV (ATLAS Coll.).
They are larger than λeff ’s by Eq. (10) [0.62±0.01 (CMS Coll.) and 0.72±0.01 (ATLAS Coll.) in Tables 2 and
4]. Those calculations depend on our formula Eq. (9) which contains three k’s, of course. It should be noticed
that the large λeff ’s above are estimated, provided that our formula, Eq. (9), is applied to the T-NBD.
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A Stochastic background of the NBD and the GGL formula
Eqs. (2) and (3) are solutions of the following stochastic differential-difference (DD) equation [26],
∂P (n, t)
∂t
= −λ0[P (n, t)− P (n− 1, t)] + λ1[(n+ 1)P (n+ 1, t)− nP (n, t)]
+λ2[(n− 1)P (n− 1, t)− nP (n, t)], (16)
where λ0, λ1, and λ2 are parameters and P (n, t) is the probability distribution. In Table 8, physical meanings
of parameters in Eq. (16) are shown: λ1 is a death rate, λ2 is a birth rate, and λ0 is an immigration rate per
time.
Table 8: Physical meanings of λ0, λ1, and λ2.
variable λ0 λ1 λ2
t (time) s〈n〉 s〈n〉
k
+ s
s〈n〉
k
〈n〉 = λ0/(λ1 − λ2), s = λ1 − λ2,
k = λ0/λ2, and p = 1− e−st
In order to solve Eq. (16), we use the generating function,
Q(w, t) =
∞∑
n=0
P (n, t)wn (17)
In terms of Eqs. (16) and (17), we obtain the following partial differential equation,
∂Q(w, t)
∂t
= λ0(w − 1)Q(w, t) + (λ2w − λ1)(w − 1)∂Q(w, t)
∂w
(18)
By making use of two kinds of initial conditions in Table 9, we obtain Eqs. (2) and (3), provided that βn¯/〈n〉 = 1.
The KNO scaling function of the GGL formula, the probability density, is obtained from the Fokker–Planck
equation of Eq. (16) [27, 28].
B Derivation of the BEC in the two-component model
Taking into account that P (n, 〈n〉) in Eq. (1) is the probability distribution for the charged particles ensembles
(a = (+) and b = (−) indicate the positive and negative charges respectively), we can decompose it into two
probability distributions with the labels a and b as,
P (ab)(n, 〈n〉, k) =
∑
n=na+nb
P (a)(na, 〈na〉, k(a))× P (b)(nb, 〈nb〉, k(b)) (19)
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Table 9: Stochastic background of Eqs. (2) and(3).
initial conditions P (n)
δn, 0
Γ(n+ k)
Γ(n+ 1)Γ(k)
(p〈n〉/k)n
(1 + p〈n〉/k)n+k
(βn¯)n
n!
e−βn¯
(p〈n〉/k)n
(1 + p〈n〉/k)n+k exp
[
− β(1− p)n¯
1 + p〈n〉/k
]
(coherent state) ×L(k−1)n
(
− β(1 − p)n¯
(p〈n〉/k)(1 + p〈n〉/k)
)
where 〈na〉 = 〈nb〉 = 〈n〉/2 and k(a) = k(b) = k/2. P1(n1, 〈n〉1, k1) and P2(n2, 〈n〉2, k2) in Eq. (1) can also be
decomposed into the same charged particle probability distributions. Combining those, we obtain the following
relations:
P (a)(n, 〈na〉, k(a)) = αP (a)1 (n, 〈na〉1, k(a)1 /2) + (1− α)P (a)2 (n, 〈na〉2, k(a)2 /2), (20)
P (b)(n, 〈nb〉, k(b)) = αP (b)1 (n, 〈nb〉1, k(b)1 /2) + (1− α)P (b)2 (n, 〈nb〉2, k(b)2 /2). (21)
By employing Eqs. (19)∼(21) and calculating the number of pairs in the same charged particle ensembles
((2a) and (2b)) and the number of pairs in opposite charged particle ensembles ((ab)), we obtain the following
relations:
N
(2a)
1 +N
(2b)
1 =
∑
n
P
(a)
1 (n, 〈na〉1, k(a)1 /2)
〈n(n− 1)〉1
2
+
∑
n
P
(b)
1 (n, 〈nb〉1, k(b)1 /2)
〈n(n− 1)〉1
2
=
1
2
(〈na(na − 1)〉1 + 〈nb(nb − 1)〉1), (22)
N
BG(ab)
1 =
(∑
n
P
(a)
1 (n, 〈na〉1, k(a)1 /2)n
)(∑
n
P
(b)
1 (n, 〈nb〉1, k(b)1 /2)n
)
= 〈na〉1〈nb〉1. (23)
By taking the following ratio, we obtain the BEC as
N
(2a: 2b)
1 /N
BG(ab)
1 = 〈n(n− 1)〉1/〈n〉21 = 1 + 2/k1 · EBE1 . (24)
At the final step, we have introduced the exchange function for the BEC, EBE1
Q→0−−−−→ 1 and Q→∞−−−−→ 0. In the
same manner, we obtain the second formula for the second component
N
(2a: 2b)
2 /N
BG(ab)
2 = 1 + 2/k2 ·EBE2 . (25)
Combining Eqs. (24) and (25) with weight factors α and (1 − α), we obtain Eq. (9) from the introduction,
N
(2+: 2−)
D−NBD /N
BG = α(1 + 2/kN1 ·EBE1) + (1− α)(1 + 2/kN2 · EBE2).
Using the same method for the GGL formula with kG = 2.0 and p, Eq. (3), we can obtain Eq. (8) with α and
pi (i = 1, 2) for the two-component model.
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